ABSTRACT. This paper studies the spectral properties of a class of operators known as phase operators which originated in the study of harmonic oscillator phase. Ifantis conjectured that such operators had no point spectrum.
tinuous and that all phase operators at least had an absolutely continuous part.
The present work completes the discussion by showing that all phase operators are absolutely continuous.
Introduction. Let H be an infinite dimensional separable Hubert space with orthonormal basis {$"}"=i. For any bounded linear operator A on H, let Sp(4) denote the spectrum of A. If A is selfadjoint with spectral resolution A = fkdE^, denote by Ha{A) the set of elements * in H for which ||ZTX*||2 is an absolutely continuous function of X. It can be shown [2, p. 104 ] that Ha{A) is a subspace of H which reduces A. The restriction of A to f7aG4) is called the absolutely continuous part of A, and, if Ha{A) = H, the operator A is said to be absolutely continuous.
Let V denote the unilateral shift operator on H, so that V<pn = <t>n+x. Furthermore, let {an}"=x be any sequence of positive real numbers converging monotonically to 1 and satisfying the following "chain sequence" condition: (1) y^2n={l-Sn-l)S" where 0 <g0 < 1 and 0 <g" < 1 (n > 0).
Define the operator A by A<f>n = an_x<j>" with a0 = 0. Consider now the following operators on ff: C={V*A+AV)/2, S = (V*A-AV)l2i.
Such operators, called phase operators, have been studied in conjunction with the phase of the harmonic oscillator. Note that C and S are the real and imaginary parts, respectively, of T = V*A and, in particular, are selfadjoint. The conditions on the sequence {a"}~=1 guarantee that Sp(C) = Sp(5) = [-1,1].
[For a more detailed discussion of the origin of such operators and their properties see [3] , [4] , [5] and the references cited there.] Since Cand S ate unitarily equivalent (see [3] ), it is sufficient to consider the spectral properties of C.
It follows from results due to Putnam that those phase operators for which the corresponding sequence {an}~=1 increases to 1 are absolutely continuous. (See [1] .) Also, it was shown by one of the authors in a previous work [1] that those phase operators for which the corresponding sequence {an}"=1 decreases monotonically to 1 have an absolutely continuous part whose spectrum is exactly the interval [-1,1].
It was not known at that time, however, if phase operators of this type were, in fact, absolutely continuous. It will be shown below that they are.
Preliminary results. The aim now is to show that every phase operator C, fot which the corresponding sequence {an}n°=x decreases monotonically to 1, is absolutely continuous. The following results are needed. It will be shown below that <j>x E Ha{C). By the previous lemma and the fact that the subspace Ha{C) is invariant under C, it will follow immediately that C is absolutely continuous. To this end let C = f-\dEx be the spectral decomposition of C, and let E{ß) denote the projection operator associated with any Borel set ß of the real line. It follows from the spectral theorem for selfadjoint operators that if C = f\dEx, then Pn{C) = ¡Pn(X)dEx. Thus the sequence of operators {Fn(C)}"_j defines a sequence of polynomials {Pn(X)}'n°=x where (2) 'iß)" 1* F2(X) = 2X/fll, and for « > 3,
Lemma 2. The polynomials {F"(X)}~=1 are orthonormal with respect to the measure p defined for every Borel set ß of the real line by p{ß) = \\E{ßypx ||2. Recall now that the sequence {fl"}"=1 corresponding to the phase operator C satisfies the "chain sequence" condition (1). The related sequence fe"}™=0 is not unique unless it is assumed that g0 = 0. (That it is always possible to choose g0 = 0 is clear from the proof of the "chain sequence" condition as presented in [5] .) Lemma 3. Ifg0 -0, then for n = 2,3,4.2gn_xPn(l) = an_xPn_x(l).
Proof. If gQ = 0 then a\ = 4gx. Since PX(X) = 1 and Z>2(X) = 2\Jax, it follows that 2gxP2{l) = 2 ■ a\l4 ■ 2fax =ax= axPx{l), and the lemma is true for n = 2. Assume now that the lemma has been verified for n = 2, .. . , k and consider n = k + 1. From (2) and the fact that 28k-ipk(l) = ak-ipk-i(l)> u follows that
= i4gk/ak){l -gk_x)Pk{l) = akPk{l), as was to be shown.
It was shown in [1] that if the sequence {a"}~=1 monotonically decreases to 1, the related sequence {?"}£= o (with g0 = °) monotonically increases to Vi. This result will be used in Lemma 4. For n = 1, 2, 3,... ,^"(1) > 1.
Proof. Note first that a\ = 4gx and gx < 14 imply that a\ < 2. Since Z'jfX) = 1 and Z^IX) = 2Vflp the result is clear for n = 1, 2. Now assume it has been shown for n = 1, 2,. . ., k. The recursion formula (2) and the previous lemma imply that
(since £fc_, < ü) >1. Case III. Suppose fAPl(X)d\\Ex<px\\2 > \\E{A)cbx\\2 fot finitely many values of n. Let «0 be such that Ji^o^11^1"2 (7) > f P2niX)d\\EK<Px\\2 for all«.
Then for n > nQ9
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
By (3), (6), and (7), it then follows that
Hence /^^(X)*/!^^ ||2 < (1 -l/lOk^EiA^ \\2 for all n as was to be shown. Theorem. Every phase operator C for which the corresponding sequence {an}"_ j decreases monotonically to I is absolutely continuous.
Proof. As noted above it is enough to show that <px E Ha{C). 
